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Abstract

We present a discriminatory learning framework for the problem of assigning
globally optimal values to a set of variables with complex and expressive de-
pendencies among them. The problem is modeled as an integer linear program
(ILP) where the cost values associated with the variables are represented and
trained as linear classifiers. The framework unifies and extends several ex-
isting discriminatory approaches; most importantly, it supports more complex
dependencies among variables than existing ones. This presentation concen-
trates on the benefits of the additional expressivity and on comparing different
training paradigms – with and without global feedback – in the context of se-
mantic role labeling.

1 Introduction

Making decisions in real world problems often involves assigning values to sets of variables
where complex and expressive dependencies can influence, oreven dictate, what assignments
are possible. This is common in natural language tasks wherepredicting pos tags of words is
governed by the constraint that no three consecutive words are verbs; or that certain verbs must
have, somewhere in the sentence, three arguments of specificsemantic types. Similar examples
exists in scene interpretation tasks where predictions must respect some constraints that cold
arise from the nature of the data of task specific conditions.

Efficient solutions have been given to problems of this kind under some restrictions. One class of
solutions decouples the process of learning estimators to variables’ values, from that of the infer-
ence process that is applied later to derive a global assignment to the set of variables of interest.
A second class of solutions incorporates the dependencies among the variables into the learn-
ing process, and directly induces estimators that yield a (good) global assignment. Significant
amount of the work in these directions in recent years has focused on developing discrimina-
tory models. Discriminative HMM, Conditional models [9, 8]and a large number of dynamic
programming based schemes used in the context of sequentialpredictions (e.g., Named Enti-
ties [13]) fall into the first category. Conditional Random Fields[7], Collins’ perceptron scheme
[2, 1] and other and discriminative learning with Markov assumptions [12] are in the second.

This paper presents a discriminatory learning framework for the problem of assigning globally
optimal values to a set of variables with complex and expressive dependencies among them.
The inference process of assigning globally optimal valuesto mutually dependent variables is
formalized as an optimization problem and is solved as an integer linear programming (ILP)



problem, via one of the strong commercially available packages available for this1. Cost func-
tions for the variables estimators can be learned via any of the known linear classifiers with
strong generalization abilities, such as Winnow or Perceptron.

The framework presented unifies the two approaches mentioned above in that it supports a sep-
arate process of learning variables’ estimators (classifiers) followed by an inference process, as
well as incorporating the constraints among the variables into the training process. Additionally,
the inference based training paradigm allows us to train in aconservative manner; namely, train
only a subset of the classifiers, determined by propagating information via the constraints. As we
show, these two training paradigms have advantages in different situations, quantified in terms
of the quality of the variables’ estimators. Importantly, unlike previously studied approaches,
our inference paradigm is not restricted to allow only sequential constraints among the variables.
This is significant, as we show, in allowing learning the variables’ estimators (classifiers) in
terms of complex features, but also allows us to incorporateexpressive constraints on the out-
comes of the classifiers, and even include decision time constraints, not known to the system
during learning.

This paper points to two experimental studies with this framework and then concentrates on pre-
senting its key ingredients and what distinguishes it from previous, less expressive approaches.
Specifically, we show experiments that exhibit the benefit from the additional expressivity, as
well as those that shed light on the relative advantages of different training paradigms. We end
by showing that this framework can be used to learn in a hierarchical setting, where different
level of feedback might be provided to the classifiers.

1.1 Target Applications

We consider two natural language applications to motivate the use of our paradigm. ILP has
been used successfully on these to achieve state of the art performance [10, 11].

Semantic role labeling (SRL)is believed to be an important task toward natural language un-
derstanding, and has immediate applications in tasks such Information Extraction and Question
Answering. The goal is to identify, for each verb in the sentence, all the constituents which fill
a semantic role, and determine their argument types, such asAgent, Patient, Instrument, as well
as adjuncts such asLocative, Temporal, Manner, etc. For example, given a sentence “ Ileft my
pearls to my daughter-in-law in my will”, the goal is to identify different arguments of the verb
left which yields the output:

[A0 I] [V left ] [A1 my pearls] [A2 to my daughter-in-law] [AM-LOC in my will ].
Here A0 representsleaver, A1 representsthing left, A2 representsbenefactor, AM-LOC is an
adjunct indicating the location of the action, and V determines the verb.

We model the problem as a multiclass classification problem that maps constituent candidates to
one of 45 different types [6, 1]. However, local multiclass decisions are insufficient. Structural
constraints are necessary to ensure, e.g., that no arguments can overlap or embed each other.
While it is possible to incorporate these constraints say, with HMM, additional constraints –
such as that a sentence can have at most one A0 – may be harder toincorporate into a fixed
representation. Linguistic constraints are often more difficult.

Entity and Relation Recognitionis the problem of recognizing thekill (KFJ, Oswald)relation
in the sentence “tJ. V. Oswald was murdered at JFK after his assassin, R. U. KFJ...” This task
requires making local decisions of two distinct, but mutually supporting types — named entities
and relations. For example, knowing that Oswald and KFJ arepeople, and JFK is alocation
supports identifying that akill relation is described in the sentence. In our model, a collection
of local classifiers are learned to identify entities and relations. Then, at decision time, we
incorporate global constraints that restrict what entities and relations can coexist, e.g., that the
kill relation must take a person as the first argument.

1 E.g., for the Entity-Relation problem mentioned later, the ILP problem has hundreds of variables and
constraints; our formulation allows the processing of20 sentences a second.



Both of applications leverage information that can be learned from local information to aid in
finding a coherent and consistent global classification. Even in the case that the local classifiers
are naive, it is possible to add enough information from structural and linguistic constraints to
infer the correct classification.

2 Using Integer Linear Programming for Inference

Given an assignmentx ∈ Xnx to a collection of input variables,X = (X1, . . . ,Xnx
), our

task involves identifying the optimal assignmenty ∈ Yny to a collection of the outputY =
(Y1, . . . , Yny

). In order to do so, we utilize a collection of classifiers thatlocally output the score
of each possible value of each individual output variableyi based on the given input, and possibly
with the knowledge of the assignment to the rest of output variables. Additional constraints
among the output variables might also exist. Therefore, an effective inference procedure is
needed to infer the globally optimal output using the classifiers and the given constraints. This
section explains formally the notion of classifiers and the inference along with the use of integer
linear programming (ILP) for the inference.
2.1 Classifications and Inferences

Our scheme utilizes multiclass classifiers for each output variable, rather than a global classifier.
We consider the case when the multiclass classifier consistsof a set of functions,{fy(x, t)}y∈Y ,
wherefy : Xnx × {1, . . . , ny} → ℜ. Each function represents ascoreof that output variable
Yt takes valuey, givenx score(x, y, t) = fy(x, t). More expressive classifiers may depend on the
output. Let{fy(x,yt̄, t)}y∈Y be such a set of classifiers, whereyt̄ are labels of all output except
for yt, andfy : Xnx × Yny−1 × {1, . . . , ny} → ℜ. Then,score(x,yt̄, y, t) = fy(x,yt̄, t),
represents the score thatYt = y given labels to (potentially) all of the output variables except for
Yt. Typically,yt̄ is a very restricted subset ofy; for example, if each variable represent a value
in any particular time step in a Markov process, it depends only on the variable at timet − 1.

If classifiers depend on output variables as well as input, they are calledinteracting, otherwise
they are callednoninteracting. For the case of interacting classifiers, the goal is to find an
assignmenty that maximize the total expected score,

score(x,y) =

ny
∑

t=1

score(x,y
t̄
, t) =

ny
∑

t=1

fy(x,y
t̄
, t). (1)

Inferenceis the task of determining an optimal assignmenty given an assignmentx. Typically,
we write this aŝy = Inference(x), and it is theglobal classification task. Typically, the number
of input and output variables,nx andny, are not fixed, but are given for each example. We
sometimes writeX ∗ (andY∗) to represent the set of arbitrary, but fixed, sized sets of input (and
output) variables. With the classifiers, the inference is todefined as:

ŷ = Inference(x) = argmax
y′∈Yny

ny
∑

t=1

fy(x,y
t̄
, t). (2)

2.2 Integer Linear Programming
Fortunately, integer linear programming (ILP) provides a general solution to the inference prob-
lem we have. First, we review the basic definition of integer linear programming (ILP). Given
a cost vectorp ∈ ℜd, a set of variables,u = (u1, . . . , ud) ∈ {0, 1}d and a cost matrix
C ∈ ℜc × ℜd, with c constraints andd (binary) variables, the ILP solution,̂u, is the vector
that maximizes the cost function,p · u,

û = argmax
u∈{0,1}d

p · u, subject to Cu ≥ 0.

Many interesting constraints are linear. In fact any boolean function can be represented as a set
of linear constraints since it can be represented as a CNF formula in which each disjunction can
be directly translated into a linear constraint.



Typically,u will representindicatorvariables to indicate when a condition is held—for example,
whenYi = y or whenYi = y andXj = x. Inference is the process of findinĝu, since once
we know it, there will always be a fixed transformation toŷ. For simplicity, C({0, 1}d) and
C(Yny ) implicitly represent the sets{0, 1}d andYny , respectively, constrained toCu ≥ 0
for the indicator variables and their corresponding outputvariables. By incorporating global
information into the constraints, ILP can find theoptimalconsistent assignment. In what follows,
the values offy(x,yt̄, t) are cached and there is no direct dependence ony in the optimization.

Î = argmax
I∈{0,1}|Y|t

ny
∑

t=1

|Y|
∑

y=1

fy(x,y
t̄
, t)uY=y (3)

subject to
∑

y∈Y

IYt=y = 1, ∀ Yt ∈ Y (4)

∑

(Yt=yt)∈(Y=y)

IYt=yt − uY=y 6 ny − 1, ∀ (Yt = yt) ∈ (Y = y) (5)

∑

(Yt=yt)∈(Y=y)

IYt=yt − nyuY=y > 0, ∀ (Yt = yt) ∈ (Y = y) (6)

Other Constraints...,

Constraint 4 ensures that each variableYt takes exactly one label. Constraint 5 and 6 together
make sure that indicator variablesI andu correspond. For anyI that satisfies the constraints,
IYt=y = 1 if and only if Yt = y in the assignment induced byI. When using additional
constraints on the output, it is possible (and even likely) that the correct prediction of the entire
sequence will not agree with the individual classifiers.

2.2.1 Classifiers with Linear Representation

If the classifiers are linear,fy(x,yt̄, t) = αy · Φy(x,yt̄, t), then, the maximum cost is the
maximum over a single linear function. In particular, Equation 3 can be rewritten as,

max
I∈C({0,1}|Y|t)

T
∑

t=1

|Y|
∑

y=1

fy(x,y
t̄
, t)Iy,t = max

y∈C(YT )

|Y|
∑

y=1

α
y

T
∑

t=1

Φy(x,y
t̄
, t)Iyt=y

= max
y∈C(YT )

|Y|
∑

y=1

α
y · Φy(x,y) = max

y∈C(YT )
α · Φ(x,y),

whereΦy(x,y) is an accumulation over all output variables of features occurring for classy,
α is concatenation of theαy ’s, andΦ(x,y) is the concatenation of theΦy(x,y)’s. The global
assignment is constrained by defining a functionC(·) to represent the valid assignments.

3 Learning

Given the ILP framework for inference, there are several ways to learn the cost function param-
eters differing in whether or not the inference process is used during training. As we will see,
classifiers can be trained both as stand alone functions to score each output variable separately
and as the components of a global scoring function. The only essential difference between the
two methods is the use of feedback from the global inference process during training – this dif-
ference has motivated recent work, however the ILP framework brings it clearly into view (see
Section 3.4).

Learning consists of choosing a functionh : X ∗ → Y∗ from some hypothesis space,H. Typi-
cally, the data is supplied as a setDX,Y = {(x1,y1), . . . , (xm,ym)} from a distributionPX ,Y

overX ∗ × Y∗.



Algorithm INFERENCEFEEDBACK

INPUT: DX,Y ∈ {X ∗ × Y∗}m

OUTPUT: {fy}y∈Y ∈ H
begin

Initialize αy ∈ ℜNy for y ∈ Y
Repeat until converge

for each (x,y) ∈ DX,Y do
ŷ = Inference(x)
for t = 1, . . . , ny do

if ŷt 6= yt then
promotefyt(x,yt̄, t)

demotefŷt(x,yt̄, t)

end

Algorithm CONSERVATIVEFEEDBACK

INPUT: DX,Y ∈ {X ∗ × Y∗}m

OUTPUT: {fy}y∈Y ∈ H
begin

Initialize αy ∈ ℜNy for y ∈ Y
Repeat until converge

for each (x,y) ∈ DX,Y do
ŷ = Inference(x)
P = Find Conservative Promo
D = Find Conservative Demo
for each (y, t) ∈ P

promotefyt(x,yt̄, t)
for each (y, t) ∈ D

demotefyt(x,yt̄, t)
end

(a) (b)

Figure 1: Algorithms for learning with inference feedback.

3.1 Learning Classifiers via Multiclass Learning
Learning stand alone classifiers is perhaps the most straightforward setting. No knowledge of
the inference procedure is used. For the sake of presentation and comparison to other methods,
the classifiers here are linear functions,

fy(x,y
t̄
, t) = α

y · Φy(x,y
t̄
, t),

whereΦy : Xnx × Yny−1 × {1, . . . , ny} → {0, 1}Ny is the feature set for classy.

Learningαy is possible by using simple multiclass learning. Specifically, each example(x,y)

is transformed into a set of examples,
{

(Φy(x,yt̄, t), yt)
}T

t=1
. Sinceyt ∈ Y, this produces a

|Y|-class multiclass learning problem. Various algorithms can be used here, such as one-versus-
rest, whereαy · Φ(x,yt̄, t) > 0 if and only if y = yt, or constraint classification, whereαyt ·
Φ(x,yt̄, t) > α

y · Φ(x,yt̄, t) for all y 6= yt (see [5] for details and Section 4 for experiments).

3.2 Learning Classifiers via Inference Feedback

We seek to train classifiers so they will produce the correct global classification. To this end,
the key difference from Section 3.1 is that here, feedback from the inference process determines
which classifiers to train so that together, the classifiers and the inference procedure yield the
desired result. As in [2, 1], we train according to a global criteria. The algorithm presented here
is an online procedure, where at each step a subset of the classifiers are updated according to in-
ference feedback. Essentially, classifierfy(·) is promoted only when some variable in the output
is misclassified aŝy and its correct label isy—in this casefŷ(·) is demoted also. See figure 1(a)
for details. The algorithm is an online procedure, where foreach example, we promote classi-
fiers that are under-predicted and demote classifiers that are over-predicted. Any algorithm with
appropriatePromote andDemote procedures defined, such as the perceptron and Winnow
learning algorithms.

3.3 Conservative Learning via Inference Feedback

It is possible to use the ILP formulation that take the constraints into account in determining
which functions to update. Specifically, the constraints convey information about dependencies
among the indicator variables (and thus among the classifierfunctions). For example, constraint
Iy1=1 + Iy2=1 = 1 implies that one ofy1 andy2 must be 1 and the other, 0. Therefore, if
the inference process concludes that(y1, y2) = (0, 1), but the correct prediction indicates that
(y1, y2) = (1, 0), there are several options to update. First, one can follow the procedure in



Section 3.2 and demotefY =0(x,y1̄, 1) and fY =1(x,y2̄, 2) and promotefY =1(x,y1̄, 1) and
fY =0(x,y2̄, 2). On the other hand, if we notice that iffY =1(x,y1̄, 1) were a large enough
value, then it would forceIy1=1 = 1 and Iy2=1 = 0. Therefore, yielding it unnecessary to
demotefY =1(x,y2̄, 2). In some sense, there are several options of which functionsto promote
and demote. Aconservativestrategy is one that updates the fewest number of classifiersby
finding the minimum size set,S = P ∪ D ⊆ Y, of variables fromY to promote (∈ P) and
demote (∈ D).

In practice, we used a greedy approximation algorithm that incrementally growsS. Due to
lack of space, we give only a high level description. LetŜ be the set of variables that were
misclassified. At each iteration we perform two operations.First, a variableyt is removed from
Ŝ at random and added toS. Then, the variables inS, along with the correctly classified variables
are used to discover dependent variables from the constraint set in the ILP. Namely, any variable
that changes value as a result ofS being correctly predicted is considered a dependent variable.
In the example above,y2 = 1 is dependent ony1 = 1. Any dependent variables are removed
from Ŝ without being added toS since their value will change as a result of updatingyt. Then
these two steps are repeated until there are no more variables in Ŝ. See Figure 1(b) for details.

3.4 Related work
As previously mentioned, training structures by global feedback has been studied in [2, 12, 1],
where discriminant training is used to learn a linear globalrepresentations corresponding to
probabilistic models. Specifically,score(x,y) = α · Φ(x,y), whereΦ(x,y) is a global feature
vector andα ∈ ℜNφ . Inference in this model is the process of finding the assignment,ŷ ∈ Y∗

with the highest score,
ŷ = Inference(x) = argmax

y′∈Yny

α · Φ(x,y
′). (7)

In these works, inference strictly depends on the assumptions made about the underlying struc-
ture. It is impossible to add additional constraints if theywould violate these assumptions. By
posing inference as an ILP, we open the door to a wide range of underlying structures to hope-
fully realize their full potential. The resulting optimization function is,

û = argmax
u∈{0,1}N

N
∑

i=1

ny
∑

t=1

αi,tui,t,

with the appropriate constraints defined to ensure that the assignmenty is valid.

In [2], the existence of classifiers for each variable is not assumed. Rather than training
a collection of functions, a single classifier is trained using the output of the global pre-
diction. A variant of the perceptron algorithm is used to finda weight vectorα such that
y = argmax

y′∈Yny α · Φ(x,y′) for all examples(x,y) ∈ DX,Y . They show convergence
if the data is separable.

3.5 Justification of Learning Algorithms

We have presented a suite of learning algorithms in the ILP framework. here, we briefly discuss
why these algorithms work. If it is possible to learn independent classifiers that can correctly
represent each of the sub-tasks, then a high performing classifier minimizes expected error of the
independent variables. Combining classifiers via a global inference procedure simply searches
for the assignment that maximizes the sum of expected errors, and therefore is the optimal strat-
egy if the classifiers accurately represent probabilities [9]. However, in this work, we make no
assumption that accurate classification is possible at the local level. Rather, the learning via
inference feedback allows for a theoretically justifiable learning algorithm. In the case when
perceptron is used, a mistake bound was proven in [2]. The intuition behind why a global clas-
sifier could be learned when no consistent local classifiers exist is that the feedback provides a
more conservative updating strategy than the local learning methods, and thus is more careful to



full data set ≥ 5 arguments
Precision Recall Fβ=1 Precision Recall Fβ=1

w/o Inference 86.95 87.24 87.10 81.26 81.75 81.50
w/ Inference 88.03 88.23 88.13 83.20 83.50 83.35
Relative gain 8.28% 7.76% 7.98% 10.35% 9.59% 10.00%

Table 1:Performance improvement by applying inference: the model used is classification plus inference;
the learning algorithm is SNoW with Winnow update rule and a thick separator [3, 4].

make the “right” updates. The final learning algorithm makeseven more conservative updates by
analyzing the ILP constraints to make the absolute minimal change in the classification function.

This intuition is clear in our experimental results, where learning via inference feedback works
best when the learning problem is made more difficult.

4 Experiments

Our paradigm has been successfully applied on several problems, such as simultaneous en-
tity/relation recognition [11] and semantic role labeling[10]. In this section, we show benefits
of incorporating general constraints in inference. Furthermore, we present experimental results
seeking the answer to an interesting question: when is it better to train with inference feedback.

The task we have for the experiments isSemantic Role Labeling (SRL), which has already been
described in Sec. 1.1. We took the data provided in the CoNLL-2004 shared task [1]. For the
purposes of this paper, we restrict our focus to sentences that have greater than five arguments,
so as to increase the need of global inference. In addition, to simplify the problem, we assume
the boundaries of the constituents are given – the task is mainly to assign the argument types.

We first demonstrate the importance of applying inference inthis task. Table 1 shows the differ-
ence in precision, recall, and Fβ=1 with and without inference. When the full data set is used,
the relative gain in Fβ=1 is 7.98%. When the data consists of only sentences with more than five
arguments, the task becomes more difficult and the constraints play a more important role. As
a result, the gain is increased to 10.00%. The SRL task is mademore difficult by reducing
the number of features. The experiments confirm the intuition in Section 3.5 that result from
the justification of how inference affects learning. Here, we show that inference feedback dur-
ing training improves classification only when the learningtask is difficult. Local learning done
without feedback using constraint classification (CC-NF-I ) and one-versus-all training (OVA-
NF-I andOVA-NF-NI ) outperform the global feedback based method (I-F ) when the problem
is easy. However, with fewer features, the local learning methods can not learn well, and the
global feedback improves the performance. The ILP framework makes it possible to make this
comparison using thesamelearning algorithm, thus allowing an insightful and new analysis of
global feedback in learning. Figure 2 shows the results using Winnow and Perceptron.

5 Discussion

We presented a discriminatory learning framework for of assigning globally optimal values to
a set of variables with complex and expressive dependenciesamong them, discussed learning
paradigms and showed the benefits of additional expressivity provided by the framework. To
show the generality of the framework, consider the following example, of modelingHierarchical
Classification. Often, classification is performed in stages. In hierarchical classification, given
input x, one first computeŝz1 = h1(x), thenẑ2 = h2(x, ẑ1) and so on. Once the set of inter-
mediate variables is known, then the output can be computed by ŷ = hl+1(x, ẑ1, . . . , ẑl), where
there arel such intermediate levels. To place hierarchical classification in the ILP framework, it
is assumed that the transition from levelj to levelj +1 can be computed by an ILP formulation.
Specifically, ifhj(·) can be computed via ILP using the cost functionpj and constraintsCj , then
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Figure 2: Multiclass learning vs. learning via inference feedback

ŷ = argmaxy maxz1,...,zl

∑l+1
j=1 Γjpjuj subject to,C1u1 ≥ 0,C2u2 ≥ 0, . . . ,Cl+1ul+1 ≥ 0,

whereΓj is a constant such that, given̂z1, . . . , ẑj−1, any two assignments tozj , . . . , zl,y will
yield a large change in the cost function (say> γj) if and only if some variable inzj changes
value. Learning in hierarchical models is a special case of the feedback based learning paradigm
presented above. Moreover, the conservative paradigm, where some of the updates are dictated
by the constraints, allows a range of update policies, e.g.,similar to [1].

Future work in this paradigm will focus both on developing theoretical understanding and justi-
fications, as on further large scale experiments with it.
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